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ABSTRACT
Performance characteristics of induction motor are traditionally predicted using analytical
methods (i.e., equivalent circuit approach) with some approximations to the circuit parameters
of the motor to allow for the effect of saturation. This technique usually gives acceptable, but
not very accurate predictions of torque and current performances of the induction motor. In
addition, the technique does not give information on the flux distribution pattern in the motor.
This paper describes a numerical approach which overcomes these deficiencies through the use
of a two-dimensional, nonlinear Finite Element Method (FEM) for excitation from a constant
voltage source. The software used in this work is called “Finite Element Method Magnetics
(FEMM)”. The method uses combine finite element model for the rotor and stator, consisting of
one-pole section of the induction motor. The use of this minimal model led to a fast execution
time for the analysis. Comparison of stator current and torque for no-load and full-load
conditions of the induction motor show good agreement with the operating data supplied by the
manufacturer of the induction motor as well as the predictions obtained from the conventional
constant parameter model (CCPM). In the course of this work, it has been assumed that the core
losses, harmonic effects and the effect of rotor skewness in the induction motor under analysis
are negligible. However, it is worthwhile to note that higher harmonics can create harmonic
torques and losses in the induction motor that are not anticipated in this work.
KEYWORDS: Validation, Finite element method, performance, induction motor, conventional,
Finite element method magnetics
such as the issue of losses, noise and greater
harmonic content in the power supply [8].
Finite element field analysis offers the
opportunity to perform detailed field calculations
in regions which have complex shapes and which
contain nonlinear magnetic materials. It is hardly
surprising that the last three decades have seen
numerous proposals for the use of finite
elements for the analysis of electrical machines.
It is well recognized that the finite element
method offers considerable advantage to the
electrical machines analyst because it enables
both intricate physical shapes and nonlinear
properties to be represented [9]-[11]. The main
disadvantage of the use of finite elements in
machine analysis is that it usually involves the
use of prodigious amounts of computer
resources [12]. A FEM model that is developed
for steady-state performance predictions may not
be appropriate for transient analysis [13]. The
suitability of the finite element method for the
analysis of electrical machines has long been
recognized, and a vast literature of published
work now deals with the analysis of most types
of machine.
The majority of the methods proposed by many
researchers on the analysis of induction motors
using FEM fall into two distinct categories,
depending on how they deal with the rotor
currents of the motor. One approach regards the
rotor currents as a superposition of harmonic
distributions, and writes voltage balance
equations for each stator winding and each
harmonic
rotor
distribution
[14]-[20].

INTRODUCTION
Analysis and prediction of induction machines
magnetic field pattern and characteristics are
difficult due to the irregular geometry and nonlinear magnetic material associated with the
machine. The machine may be of the squirrel–
cage or wound rotor type construction. In order
to obtain accurately the performance of this
machine, the magnetic field mapping of the
internal structure is necessary.
This in turn, has necessitated the development of
accurate methods for predicting the performance
characteristics of these machines during the
design stage. Examples of these performance
indicators are open circuit characteristic, dynamic
performance of the induction machine under
load,
dynamic
performance
under
fault
conditions and air gap flux distribution etc. In
order to evaluate these performance quantities
with precision, accurate and detail prediction of
the electromagnetic field must be carried out
under various operating conditions [1-6].
Classical
analysis
methods
and
analog
techniques for induction machines have proved
unsatisfactory except for simplified geometrical
structures
and
boundary
conditions
[7].
Therefore, the need for numerical solution is
recognized even in the early stages of the design
art.
The rapid increase in computing power available
to engineers and researchers as well as the
advent of computer graphics has driven the
development of electromagnetic finite element
analysis (FEA). Finite element analysis is now
being used to solve electrical machine problems
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These equations are then solved to determine the
unknown rotor currents using the finite element
field analysis as a tool to calculate the circuit
parameters, taking magnetic saturation into
account. The alternative approach calculates the
rotor currents directly as eddy currents induced
in the rotor bars. Circuit equations are then
written for the stator windings. These may be
time stepped along with the field solution, or
solved in the frequency domain using complex
notation.
Both
approaches
have
advantages
and
disadvantages.
The superposition (circuit)
approach is claimed to be faster and is inherently
more capable of incorporating pole number
dependent effects such as rotor skew. It does
not include deep bar effect in the field solution,
so that rotor bar resistance and slot leakage
reactance must be modified after the field
solution has taken place using correction factors,
calculated using classical expressions, or
otherwise.
The eddy current approach models the deep bar
effect directly in the field equations, but requires
longer time to run and cannot accommodate
rotor skew without difficulty.
The two approaches also have much in common.
Both employ two-dimensional field models,
because the computing resource required for a
full three-dimensional solution is still in the
developing stage.
Three-dimensional effects,
such as end-winding and end-ring impedance are
incorporated in an approximate manner, as is
rotor skew. Both approaches dispense with the
conventional equivalent circuit model for the
induction motor, computing current, torque,
input power and losses directly from the circuit
or field equations.
The purpose of this paper is to present
performance results obtained using the eddy
current FEM approach for a three-phase induction
motor for both no-load and full load conditions,
and
compare results so obtained to that
predicted
by
the
conventional
constant
parameter model.
THEORETICAL BACKGROUND
To determine the field distribution of an
induction motor, a 2-dimensional transverse
section spanning a pole pitch of the induction
motor is represented. In reducing the problem to
2-dimensions, the following approximations are
made, to account mainly for 3-dimensional
effects:
•
End effects due to flux fringing etc are
treated by a modification of the stator core
length.
•
The laminated iron is represented by a
suitable stacking factor which takes into account
both the basic stacking effect and, where
present, radial ventilation ducts.

•
The rotor bar end-ring resistance is
represented by modification of the rotor bar
resistivity.
•
Rotor speed is held constant at the
required slip-frequency.
The transient magnetic field in terms of magnetic
v,
vector
potential,
A, the
reluctivity,
conductivity, σ and current density, J, can be
expressed as:

∂A
∂  ∂A  ∂  ∂A 
v
 + v
 = −J + σ
∂x  ∂x  ∂y  ∂y 
∂t
where v = f ( A)
.
The term

σ ∂A ∂t

(1)

represents current induced in

conducting material when flux changes with
time. In some analysis of the induction motor,
the flux and current time variations were
assumed to be sinusoidal and the differential
equation (1) become:

∂  ∂A  ∂  ∂A 
v
 + v
 = − J + jωσA
∂x  ∂x  ∂y  ∂y 

(2)

However, this assumption requires the reluctivity
to be constant throughout the time cycle, and
therefore restricts the accuracy of the results. If
information such as

mmf

harmonics, tooth

pulsation harmonics and forces acting on the
stator teeth are required, a full time stepping
approach is needed.
The time stepping technique developed to solve
equation (1) numerically was based on the finite
element

approach

using

a

Newton-Raphson

technique for rapid convergence at each timestep. The numerical equations were derived from
Kirchhoff’s current law applied at each node as
described in [21], [22], also other techniques
such as the energy approach or the Galerkin
method could have been used.

The resulting

numerical form of the field equation (1) in matrix
notation is:

 ∂A 

 ∂t 

[S ]( A) = {I } − [∆σ ]

(3)

where the terms of the matrix [S] and the vector
{I} are:

S

100

ij

=

(

1
α x qi q j + α y ri r j
4A
m

)
(4)
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A
m
I = f
i
m 3
Am

(5)

is the surface of the m-th finite element (m2) and

It can be observed that the terms
(expressed by the coefficients

α

x

S

ij

and

depend only on the geometry and the material characteristics

α

y

I

i

S

). If the material is linear, the terms

the value of the potentials in the nodes (since
the terms

[∆σ ] - is the conductivity matrix.

α

and

x

α

y

ij

do not depend on

are constant with the field). By analogy,

are only functions of the geometry of the element and of the forcing quantity

f

m

.

The magnetic nonlinearity of materials is allowed for by a predicator-corrector method using the
Newton-Raphson algorithm to converge element permeabilities and node potentials to a consistent
solution. The magnetic vector potential is predicted using a simple forward–difference time-stepping
procedure whereby the potential from the previous time is related to that at the present time through

∂A ∂t

at the previous time step as:

 ∂A 
A
= A + δt • 

t + δt
t
 ∂t  t
An error vector

A

δt = t + δt
∂A

(6) impliedly,

−A
t
∂t
(7)

[E ] of node currents is then formed by rearranging equation (3) as:
 ∂A 

 ∂t 

[E ] = [S ]( A) − {I } + [∆σ ]

(8)

Thus the vector potential at the (j+i)th Newton-Raphson iteration at any time-step is corrected to:

 ∂A 
{A} j + i = {A} j −  
 ∂t 

−1

[E ]
(9)

The time-stepping is started numerically at t =

0 by assuming

∂A ∂t

and

A

are zero.

Using

equations (3)-(9) the first Newton-Raphson iteration predicts the first estimate of the potential from
which the flux and

∂A ∂t

corresponding to the step change in current are evaluated. The induced

emf and eddy currents can then be calculated at the start of the second nonlinear iteration to obtain a
better estimate of the stator currents. The above procedure is repeated until errors in element
permeablities and node potentials are below 10e-8.
MODEL FORMULATIONS OF THE MOTOR USING FEM METHOD
To solve the field problem of the induction motor under consideration, the values of the flux linkage
per phase,

φ

in the j-th node of the m-th element,

Φ

mj

have to be computed in the nodes of each

element. It is therefore necessary to prepare a system of equations, whose solution corresponds to
the values of Φ

mj

. To develop this system of equations, both the variational method and the residual

method were adopted, but applied to each element separately.

R = ∫ W  Lφ * − f dτ = 0
(10)
i
i

τ
D
where W is the i-th weighting function; R is the i-th residue; τ
i
i
D
consideration; L is a differential operator (e.g., Laplacian operator); φ
determined and f is the forcing function.

is the domain volume under
is the unknown function to be

In the case of Galerkin’s method, equation (10) was applied to each element. The residual integral is
put to zero. In the m-th element, the n integrals are given by:
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R = ∫ v  Lφ * − f dτ
im
i m
m

τ

 N

R = ∫ v L ∑ Φ v dτ − ∫ v f dτ = 0
im
i 
mj mj 
i
t
τ

 j =1

1 = 1, 2, 3, ....., n

From equation (11) a system of n equations with the n unknown

(11)

Φ

mj

was obtained.

Applying

equation (11) to all the Nm elements that form the domain, and considering the relationships that link
the adjacent elements, a system of this kind is obtained:

[SS ][φ ] = [T ] = 0

(12)

which is formed by Nn equations, with Nn unknowns. Where
known terms matrix and

[SS ] is the stiffness matrix; [T ] is the

[φ ] is the column vector of the unknown coefficients φi .

However, using the variational method, the matrix [SS] is symmetrical, since the condition

Lφ , ϕ = φ , Lϕ

was satisfied.

FORMULATIONS FOR THE
CONVENTIONAL CONSTANT PARAMETER MODEL (CCPM)
The equations of importance in the formulations of the CCPM model are equations (13) to (24).

3 P 

T e = 2 2 ψ ds i qs −ψ qs i ds
ωb
Where

Te
linkage; P
and

ωb

(13)

- electromagnetic torque;
- number of poles;

i qs

ψ qs

- q-axis stator fl ux linkage;

- quadrature-axis stator current;

i ds

ψ ds

- d-axis rotor flux

- direct-axis stator voltage

- base angular velocity (rads/sec)

ω e = P [ − ]dt
(14)
∫ T e Tl
ωb 2 J ωb
where J - moment of inertia of the motor: T l - load torque and ω e

(ψ qs −ψ mq)

-

electrical angular velocity of

the rotor.

iqs =
i

ds

=

iqr =
idr =

X sa
ψ ds −ψ md

(

)

X sa
ψ qr −ψ mq

(

)

X ra
ψ dr −ψ md

)

(

where

(15)

(16)

(17)

(18)

X ra

ψ mq

- q-axis magnetizing flux linkage; ψ

stator phase leakage reactance; and



ψ qs =ωb ∫ V qs +


X ra

-

md

- d-axis magnetizing flux linkage;

rotor phase leakage reactance.


ω
rs
r
ψ mq − s ψ qs − ψ dsdt
ωb
X sa
X sa
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ω
rs
r
ψ md − s ψ ds − ψ qsdt
ωb
X sa
X sa


(20)



(ω − ω e) 
r
r
ψ qr =ω b ∫ V qr + r ψ mq − r ψ qr −
ψ drdt
ωb
X ra
X ra




(ω − ωe) 
r
r
ψ dr =ωb ∫ V dr + r ψ md − r ψ dr −
ψ qrdt
ωb
X ra
X ra


where Vqr - quadrature-axis rotor voltage; V
- direct-axis
dr
stator voltage;

V
ds

- direct-axis stator voltage;

rs

(21)

(22)
rotor voltage;

Vqs

- stator resistance/phase; and

rr

- quadrature-axis
-

rotor

resistance/phase.









1
1
ψmq= 
ψqr+
ψqs
1+ Xra + Xra 
1+ Xsa + Xsa 
Xm
Xsa
Xm
Xra



(23)

Similarly,









1
1
ψmd=
ψds+
ψdr
1+Xsa +Xsa 
1+Xra +Xra 
Xm
Xra
Xm
Xsa


where X m magnetizing reactance of the machine.
OVERVIEW OF ANALYSIS
METHOD
The method used in this paper uses the eddy
current finite element method to determine the
components of the conventional equivalent
circuit parameters for a given slip and applied
voltage and to also predict the performance
characteristics of the induction motor under test
using Finite Element Method Magnetics (FEMM)
software. This is performed using one-pole pitch
section of both stator and rotor. The method
may conveniently be explained by the following
sequence of steps [10, 23]:
Formulation of a finite element model of the
motor under consideration
Application of 3-phase currents to the stator
windings models over a range of frequencies

Fig. 1: Equivalent Circuit of Induction
Motor on No-Load

103

(24)

(The rotor currents are computed as induced
eddy current, by the FEM software).
For each analysis, the flux linkage of one
phase of the machine will be evaluated to obtain
the information that is required to fit the
parameters in the circuit model.
Performing a regression analysis to obtain
the equivalent circuit parameter values.
From the post processing result of the FEMM,
the airgap flux densities at various excitation
(stator) currents were obtained.
Simulation of the motor on no-load leading
to the determination of the back EMF of the
motor/phase based on Fig.1 and equations (25)
and (26).
Simulation of the motor under load condition
using static mode, thus, the determination of the
determination of the torque acting on the rotor.
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E = V − I (rs + jX sa )

(25)

where, V- Phase voltage applied to the motor; E – Back EMF per phase induced in the motor; I – Stator
current;

rs -

Stator resistance per phase and

X sa - Stator leakage reactance.

The relationship between back EMF, E induced in a stator winding and the fundamental air-gap flux
density can be presented as [10]:

E=

2πfN

where

N

ldK B
ph
w g
P

ph

(26)

– No. of turn/phase; d – Mean air-gap diameter; l – Axial length of the motor;

winding factor;

p

– No. of poles;

f

– frequency; and

Bg

Kw

– Air-gap flux density.

For a star-connected stator winding, same as applied to the induction motor under test, the line-to-line
induced voltage of the motor becomes 3E .
Table 1: Details of the motor
Motor type:
3- ϕ squirrel-cage
Stator connection:
Rated line voltage:
Rated current:
No-load current:
Full-load torque:
Rated speed:
Frequency:
Number of poles:
Number of stator slots:
Number of rotor slots:
Stator bore diameter:
Rotor diameter:
Shaft diameter:
Type of rotor cage:
Machine length:
Stator outside diameter:
Air-gap length:
Stator winding resistance:
Rotor skew:
Stator winding info:
Lamination material:
Moment of Inertia:

Induction motor
Star
220V
2.40A
1.34A
5.4Nm
1443 rpm
50 Hz
4
36
28
80.75 mm
80 mm
25 mm
Aluminium
(grade 1100)
100 mm
130 mm
0.375 mm
4.4 Ω at 22oC
1 rotor slot pitch
44turns/slots
0.5mm silicon
iron core sheet
0.0012kg-m2

RESULTS
The procedure outlined above was verified by
comparing FEM results with results obtained
from a conventional constant parameter model
(CCPM) on a 220V, 2Hp, 4-pole cage induction
motor. The stator and rotor laminations for this
motor are shown in Fig. 2, and other details are
summarised in Table 1.
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Comparison of results
The no-load and load performance characteristics
obtained using both the described FEM and CCPM
are compared to the operating point’s data
supplied by the manufacturer of the induction
motor under test as shown in Table 2.
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Fig. 2: One pole-pitch section of the motor
The open-circuit and dynamic performance characteristics of the induction motor obtained using FEM
are as shown in Figs 3 to 5.

Fig. 3: No-load (open-circuit) characteristic
of the induction motor

Fig. 4: Torque-speed characteristic of the induction motor on load using FEM Version 4.0

Fig. 5: Current-speed characteristics of the induction motor on load using FEMM
The simulation results obtained from the CCPM on no-load are shown in Figs. 6 and 7.
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Fig. 6: Torque-speed characteristics of the motor on no-load using CCPM

Fig. 7: Current-speed characteristics of the motor on no-load using CCPM
The simulation results obtained from the CCPM on load are shown in Figs. 8 and 9

Fig. 8: Torque-speed characteristics of the
motor on load using CCPM

Fig. 9:

Current-speed characteristics of the motor on load using CCPM

Table 2: Results comparison
No-load current (A)
Full-load current (A)
Full-load torque (Nm)

FEM
1.34
2.34
5.399

CCPM
1.21
2.25
5.6
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Manufacturer’s data
1.34
2.40
5.4
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The predictions made at the operating points, using
the FEM analysis are seen to be in good agreement
with manufacturer’s data with the exception of the
full-load current. The disparity between the full load
currents corresponding to rated voltage predicted
by both the FEM and the manufacturer is caused by
the following factors, which were assumed in the
FEM analysis. Among the issues that have been
neglected in the analysis are the rotor skewness and
harmonic effects. Even though, the predictions
from the CCPM are also good, their accuracy is not
as good as that obtained from the FEM analysis. A
perplexing problem concerning the CCPM is that it
predicted the value of the electromagnetic torque to
be higher than manufacturer’s value and also its
current predictions are lower than that given by the
manufacturer.
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